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Abstract

A novel hybrid framework is reported that
improves upon our previous work, MDLEP,
which uses evolutionary programming to
solve the difficult Bayesian network learning
problem. A new merge operator is also in-
troduced that further enhances the efficiency.
As experimental results suggest, our hybrid
approach performs significantly better than
MDLEP.

1 Introduction

Bayesian networks are popular within the community
of uncertainty in artificial intelligence. A Bayesian net-
work is a graphical representation that depicts condi-
tional independence among random variables in the
domain and encodes the joint probability distribu-
tion [1]. With a network at hand, probabilistic in-
ference can be performed such that we can predict the
outcome of some variables based on the observations
of others. In light of this, Bayesian networks are often
used in diagnostic systems [2].

Typically, a Bayesian network is constructed by elic-
iting knowledge from domain experts. To reduce im-
precision due to subjective judgements, it comes to
people’s interest that whether we could construct a
Bayesian network from collected data or past obser-
vations on the domain. In the literature, there are
two main approaches to this network learning prob-
lem [3]. The first one is the dependency analysis
approach [4, 3]. Since a Bayesian network describes
conditional independence, we could make use of de-
pendency test results to construct a Bayesian network
that conforms to our findings. The second one, called
the score-and-search approach [5, 6, 7], uses a met-
ric to evaluate a candidate network structure. With

the metric, a search algorithm is employed to find a
network structure which has the best score. Thus,
the learning problem becomes a search problem. Un-
fortunately, the two approaches both have their own
drawbacks. For the former approach, the number of
dependency tests required is often exponential. More-
over, some test results may be inaccurate [4]. For the
latter approach, the search space is huge. Some re-
search works [5], therefore, adopt greedy search heuris-
tics which may easily get stuck in a local optimum [7].

In this work, a hybrid framework is developed for the
network learning problem. Simply put, dependency
analysis results are used to reduce the search space
of the score-and-search process. With such reduction,
the search process would take less time for finding the
optimal solution.

Together with the introduction of a new operator and
some modifications of our previous work, MDLEP, we
call our new approach HEP (hybrid MDLEP). We have
conducted a number of experiments and compare HEP
with MDLEP. The empirical results illustrate that
HEP improves over MDLEP. Moreover, it is found that
HEP executes much faster than MDLEP which is a
great appeal in real world applications.

This paper is organized as follows. In section 2, we
present the backgrounds of Bayesian networks, the
MDL metric, and MDLEP. In section 3, we describe
our algorithm in detail. In section 4, we report our ex-
perimental findings. We conclude the paper in section
5.

2 Learning Bayesian Networks from
Data

2.1 Bayesian Networks

A Bayesian network, G, has a directed acyclic graph
(DAG) structure. Each node in the graph corresponds



to a discrete random variable in the domain. An edge,
X ← Y , on the graph, describes a parent and child
relation in which X is the child and Y is the parent.
All parents of X constitute the parent set of X which
is denoted by ΠX . In addition to the graph, each node
has a conditional probability tables (CPT) specifying
the probability of each possible state of the node given
each possible combination of states of its parent. If a
node contains no parent, the table gives the marginal
probabilities of the node [1].

Since Bayesian networks are founded on the idea of
conditional independence, it is necessary to give a brief
description here. Let U be the set of variables in the
domain and let P be the joint probability distribution
of U . Following Pearl’s notation, a conditional inde-
pendence (CI) relation is denoted by I(X, Z, Y ) where
X, Y , and Z are disjoint subsets of variables in U .
Such notation says that X and Y are conditionally in-
dependent given the conditioning set, Z. Formally, a
CI relation is defined with:

P (x, y | z) = P (x | z) whenever P (y, z) > 0 (1)

where x, y,and z are any value assignments to the set
of variables X, Y , and Z respectively. A CI relation is
characterized by its order, which is simply the number
of variables in the conditioning set Z.

As mentioned before, researchers treat the network
learning problem in two very different ways. The first
approach tries to construct a Bayesian network us-
ing dependency information obtained from the data.
By assuming that P is faithful to a Bayesian network
G [4], we could add or remove edges from G according
to the discovered conditional independence relations.
Given the sets of variables, X, Y and Z, we could
check the validity of I(X,Z, Y ) by performing statis-
tical test, called CI test. The major problem of this
approach lies in the fact that it is difficult to know
if two nodes are conditionally dependent [4]. Often,
exhaustive testing is required. And in such case, the
computational complexity is very high. Furthermore,
when a high-order CI relation is tested in a small data
set, the test result may be unreliable [4]. The sec-
ond approach makes use of a metric which evaluates
how good a Bayesian network is (regarding the given
data). Such metric may be derived from information
theory, Bayesian statistics, or Minimum Description
Length principle (MDL). With the metric, the net-
work learning problem becomes a search problem, as
it is necessary to find the network structure that has
the best score. Unfortunately, since the search space,
which contains all possible network structures, is huge,
the search problem is difficult [7].

2.2 The MDL Metric

The MDL metric [6] is derived from information the-
ory and incorporates the Minimum Description Length
principle. With the composition of the description
length for network structure and the description length
for data, the MDL metric tries to balance between
model accuracy and model complexity. Hence, the
best network needs to be both accurate and sim-
ple. Using the metric, a better network would have
a smaller score. Similar to other metrics, the MDL
score for a Bayesian network, G, is decomposable [7]
and could be written as in equation 2. Let U =
{N1, . . . , Nn} be the set of nodes and let ΠNi

denotes
the parent set of node Ni. The MDL score of the net-
work is simply the summation of the MDL score of
ΠNi of every node Ni in the network.

MDL(G) =
∑

Ni∈U

MDL(Ni, ΠNi
) (2)

2.3 MDLEP

Our previous work [8], called MDLEP, belongs to the
score-and-search approach in which we use the MDL
metric together with evolutionary programming (EP)
for searching a good network structure. An individ-
ual in the search population is a candidate network
structure. An outline of the algorithm is presented as
follows:

1. Set t, the generation count, to 0.

2. Create an initial populations, Pop(t) of m random
DAGs (m is the population size.)

3. Each DAG in the population is evaluated using
the MDL metric.

4. While t is less than the maximum number of gen-
erations,

• Each DAG in Pop(t) produces one offspring
by performing a number of mutation oper-
ations. Four different mutation operators,
simple mutation, reverse mutation, move mu-
tation, and knowledge-guided mutation are
used. If there is cycle, a randomly picked
edge in the cycle is removed.

• The DAGs in Pop(t) and all new offspring
are stored in the intermediate population
Pop′(t). The size of Pop′(t) is 2*m.

• Conduct a number of pairwise competitions
over all DAGs in Pop′(t). For each Gi in the
population, q other individuals are selected.
The fitness of Gi is compared against the q



individuals. The score of Gi is the number of
individuals (out of q) that are worse than Gi.

• Select the m highest score individuals from
Pop′(t) with ties broken randomly. The indi-
viduals are stored in Pop(t + 1).

• increment t by 1.

5. Return the individual that has the lowest MDL
metric in any generation of the run as the output
of the algorithm.

When comparing MDLEP against another approach
which uses GA, it is found that MDLEP generally out-
performs its opponent.

3 Hybrid MDLEP (HEP)

Although MDLEP outperforms its GA opponent, its
efficiency can be enhanced by employing a number of
strategies. First, a hybrid approach is introduced so
that the knowledge from dependency tests is exploited
during searching. Second, previous search results are
reused through a new merge operator. Third, in con-
trast to MDLEP where repairing is needed, the for-
mation of cycle is avoided altogether when producing
new individuals.

Since a hybrid approach is adopted in Bayesian net-
work learning, this approach is called HEP (hybrid
MDLEP). In the following subsections, the ideas will
be discussed in detail.

3.1 A Hybrid Approach

In dependency analysis approach, CI test is typically
used to check the validity of a conditional indepen-
dence assertion I(X,Z, Y ) of any given two nodes X,
Y and a conditioning set Z. Assume that the χ2 test is
employed, the assertion is modeled as the null hypoth-
esis. A χ2 test generates a p-value, ranges between 0
and 1, which shows the least level of significance for
which the given data leads to the rejection of the null
hypothesis. In effect, if the p-value is less than a pre-
defined cutoff value, α, the hypothesis I(X, Z, Y ) is
rejected. Otherwise, if the p-value is greater than or
equal to α, the hypothesis could not be rejected and
I(X,Z, Y ) is assumed to be valid. Consequently, this
implies that the two nodes, X and Y , cannot have a
direct edge between them. In other words, the edges
X ← Y and X → Y cannot exist in the resultant
network.

With such observation, a hybrid framework for learn-
ing Bayesian networks is formulated which consists of
two phases. In the first phase, low-order CI tests are

conducted so that some edges could be removed. Note
that only low-order CI tests are used as their results
are more reliable than higher order tests and the time
complexity is bounded. In the second phase, a score-
and-search approach is used together with the knowl-
edge obtained previously. In particular, the search
space is limited by excluding networks that contain
the edges X ← Y or Y → X for which I(X, Z, Y ) is
assumed to be valid. Since the search space is reduced,
the learning problem becomes easier and less time will
be needed for finding the best network.

This idea could be applied readily in MDLEP. After
obtaining the test results, all candidate networks hav-
ing invalid edges are prevented from being generated.

Although such formulation can work fine, it must be
noted that the choice of α has a critical impact. If
improper α is used, in the worst case, either all edges
are pruned away or all edges are retained. Hence, al-
though it is possible to impose the restrictions from CI
tests as global constraints, there is the risk of assuming
our choice of α is appropriate.

As an alternative, a novel realization of the hybrid
framework is developed in which a different α is used
for each individual in the population. Thus, each in-
dividual has, besides the network structure, a cutoff
value α which is also subjected to be changed. As
the evolutionary search proceeds, individual having an
improper value of α will eventually be eliminated. In
general, small value of α implies more constraints (less
likely to reject an hypothesis) and results in a more re-
stricted search space. Hence, if the value of α of an
individual is too small which excludes some important
edges, the individual will have a greater chance of be-
ing eliminated. On the other hand, if the value of α
of an individual is too large, it is less likely to find
the right edge (because there are many wrong alter-
natives) for its offspring. Consequently, the individual
will also have a higher chance of being eliminated.

This idea is implemented in the first phase by storing
the largest p-value returned by the CI tests for every
possible conditioning set, Z (restricted to order-0 and
all order-1 tests) in a matrix, Pv. In the second phase,
for a given individual Gi in the population with associ-
ated cutoff value αi, an edge X ← Y cannot be added
if PvXY is greater than αi (i.e. I(X,Z, Y ) is assumed
to be valid). The value of each αi is randomly initial-
ized in the beginning. In subsequent generations, an
offspring will inherit the cutoff value from its parent
with a possible increment or decrement by ∆α.



3.2 The Merge Operator

In addition to the four mutation operators, a new op-
erator called merge is introduced. Taking a parent net-
work Ga and another network Gb as input, the merge
operator attempts to produce a better network struc-
ture (in terms of MDL score) by modifying Ga with
Gb. If no modification can be done, Ga is returned.

Let Mx
i denotes the MDL score of the parent set Πx

Ni

of node Ni ∈ U in the network Gx. Recalling that the
MDL score is decomposable and a network is an ag-
glomeration of ΠNi (for i = 1, . . . , n). Thus, given two
input networks Ga and Gb, a better network, Gc, could
be generated by selecting Πc

Ni
from Πa

Ni
or Πb

Ni
so that

(1) there is no cycle in Gc and (2) the sum
∑

Ni∈U M c
i

is less than
∑

Ni∈U Ma
i or

∑
Ni∈U M b

i . With such
observation, the merge operator is devised which is
an heuristic for finding a subset of nodes, W ⊂ U ,
with which Πa

Nj
are replaced with Πb

Nj
in Ga for ev-

ery Nj ∈ W . Meanwhile, the replacement would not
create cycles and has a MDL score smaller than that
of Ga.

Procedure merge(Ga, Gb)

1. Find δi = Ma
i −M b

i for every node Ni ∈ U .

2. Produce a node ordering L by sorting δi in de-
scending order.

3. While there are nodes in L that have not been
considered,

• Get the next node, Ni, from L which is un-
considered.

• Invoke findSubset(Ni) which returns W ′.
• Sum δj for every node Nj ∈ W ′.
• If the sum is positive, mark every node Nj ∈

W ′ in L as considered. Insert W ′ to W .

4. Replace Πa
Nj

with Πb
Nj

for every Nj ∈ W .

For the two input networks Ga and Gb, the merge
procedure produces a node ordering by sorting δi =
Ma

i −M b
i in descending order. Since positive δi means

that Πb
Ni

is better than Πa
Ni

, the procedure follows
the ordering in considering the replacement of Πa

Ni

with Πb
Ni

. Beginning with the first node, Ni, in the
ordering, the merge procedure invokes the procedure
findSubset(Ni) to find a subset of nodes W ′ such
that by replacing Πa

Nj
with Πb

Nj
for every Nj ∈ W ′ in

Ga, the resultant graph is still acyclic.

After obtaining W ′, the merge procedure calculates
the sum

∑
Nj∈W ′ δj . If the sum is positive, it inserts

W ′ into W and removes W ′ from the ordering. The
procedure repeatedly examines the next node in the
ordering until all nodes are considered. Finally, the
procedure replaces Πa

Nj
with Πb

Nj
in Ga for every Nj ∈

W .

Essentially, the merge operator increases the efficiency
in several ways. Since the score of the composite net-
work can be readily calculated, it is not necessary to
invoke the procedure for MDL score evaluation which
is time-consuming. Thus, the merge operator offers
an economical way to create new structures. Fur-
thermore, the operator improves the search efficiency
by creating more good individuals in each generation.
In our current implementation, the operator merges
networks at the current population with dumped net-
works from the last generation. As a result, it also
enhances the reusability of previous search efforts.

3.3 Prevention of Cycle Formation

Since MDLEP consumes much time in repairing net-
works that contain cycles, HEP prevents cycle forma-
tion in all candidate networks to handle this problem.
HEP maintains the connectivity matrix containing the
count of directed paths between every pair of nodes.
If X → · · · → Y exists in a network, HEP forbids
adding the edge X ← Y to the network. The matrix
is updated when an edge is added or removed.

3.4 The Algorithm

The algorithm of HEP is presented as follows:

CI test Phase

For every pair of nodes (X, Y ),

• Perform order-0 and all order-1 CI tests.

• Store the highest p-value in the matrix Pv.

Evolutionary Programming Search Phase

1. Set t, the generation count, to 0.

2. Initialize the value of m, the population size.

3. For each Gi in the population Pop(t),

• initialize the α value randomly.
• refine the search space by checking the α

value against the Pv matrix.
• Inside the reduced search space, create a

DAG randomly.



4. Each DAG in the population is evaluated using
the MDL metric.

5. While t is less than the maximum number of gen-
erations,

• select m/2 individuals from Pop(t), the rest
are marked “NS” (not selected)

• For each of the selected ones,
– merge with a random pick from the

dumped half in Pop′(t− 1).
– If merge does not produce a new struc-

ture, mark the individual with “NS”
– otherwise, regard the new structure as an

offspring.
• For each individual marked “NS”,

– produce an offspring by cloning.
– alter the α value of the offspring by a pos-

sible increment or decrement of ∆α.
– refine the search space by checking the α

value against the Pv matrix.
– change the structure by performing a

number of mutation operations. Note
that cycle formation is prohibited.

• The DAGs in Pop(t) and all new offspring
are stored in the intermediate population
Pop′(t). The size of Pop′(t) is 2*m.

• Conduct a number of pairwise competitions
over all DAGs in Pop′(t). For each Gi in the
population, q other individuals are selected.
The fitness of Gi is compared against the q
individuals. The score of Gi is the number of
individuals (out of q) that are worse than Gi.

• Select the m highest score individuals from
Pop′(t) with ties broken randomly. The indi-
viduals are stored in Pop(t + 1).

• increment t by 1

6. Return the individual that has the lowest MDL
metric in any generation of a run as the output of
the algorithm.

4 Experimental Results

In our experiments, we compare HEP against MDLEP
on a number of data sets. We use the data sets that
are generated from two benchmark networks, ALARM
and PRINTD which also appear in [8]. There are
data sets of sizes 1,000, 2,000, 5,000, and 10,000 for
ALARM and one data set of 5,000 cases for PRINTD.
In addition, we have also obtained another ALARM
data set of 10,000 cases and an ASIA data set of 1,000
cases, which appear in [3]. Since both algorithms are
stochastic in nature, we have conducted 40 trials for

each experiment. The programs are executed on the
same Sun Ultra-5 workstation. For HEP, we set ∆α to
be 0.02. For both algorithms, the population size is 50
and the tournament size is 7. We use 5000 generations
as the common termination criterion and the maxi-
mum size of parent set is set to be five. We compare
the performance under five different aspects:

• average MDL score obtained, the smaller the bet-
ter (Score),

• average running time in seconds (Time),

• average score of the first generation solution (I-
Score),

• average generation that the best-so-far is found
(ANG),

• average number of edges added, omitted or re-
versed in compared to the original structure
(ASD).

Table 1 provides a summary of the performance com-
parison between the two algorithms. The MDL score
of the original network is also included (just below
the name of each data set) as reference. Numbers in
parentheses are the standard deviations.

For all data sets, HEP could almost always find better
or equally good network structures in terms of both
MDL score and structural difference. Hence, under
the same termination criterion, it suggests that HEP
is more efficient than MDLEP. Most importantly, our
approach consumes much less time than MDLEP. In
some case, the saving is so great that HEP has nearly
an eight-fold speedup. Hence, HEP is more favorable
to MDLEP for real world practice. Since we have
adopted the hybrid framework for creating the initial
population, HEP usually has a better starting point
than MDLEP as reflected by I-score.

5 Conclusion

In this paper, we have reported a hybrid framework for
learning Bayesian network and have incorporated the
ideas into MDLEP. In addition, we have also devised
a new operator and modified an apparent weakness
of MDLEP. As experimental results suggest, our new
approach (HEP) is much more efficient than MDLEP.
Most importantly, we note that the new approach pro-
vides a tremendous speedup.

In our current implementation, we change the cutoff
value of an offspring by arbitrarily increasing or
decreasing a fixed value of ∆α from the parent’s
value. However, it is also possible to use an adaptive



Table 1 Performance comparison between the two algorithms over different data sets
Data Set Score Time I-Score ANG ASD

ALARM
1000

(18533.5)

HEP
17871.7 212.1 24542.5 750.1 12.0
(37.2) (12.1) (1103.6) (1101.4) (1.7)

MDLEP
17974.4 1115.4 30833.6 4353.3 18.7
(87.1) (70.2) (786.3) (666.6) (4.0)

ALARM
2000

(34287.9)

HEP
33800.5 273.6 44188.5 1012.7 8.5
(86.8) (33.5) (1179.2) (1409.2) (1.5)

MDLEP
34018.3 1608.5 57138.3 4163.8 13.5
(205.6) (196.9) (1228.6) (762.9) (3.9)

ALARM
5000

(81233.4)

HEP
81004.0 491.8 102002.0 421.1 7.1
(0.0) (116.7) (2254.3) (737.6) (0.4)

MDLEP
81237.9 3224.3 133901.7 4016.9 11.1
(432.4) (449.8) (1968.4) (677.6) (4.1)

ALARM
10000

(158497.0)

HEP
158425.0 942.5 197090.0 932.0 3.6
(30.2) (358.8) (5398.9) (995.9) (0.8)

MDLEP
158677.7 6443.0 257057.5 3653.2 7.6
(394.8) (540.9) (4562.1) (800.5) (3.7)

PRINTD
5000

(106541.6)

HEP
106541.6 224.5 111113.0 40.0 0.0

(0.0) (43.4) (447.0) (8.8) (0.0)

MDLEP
106541.6 1692.2 116008.2 510.9 0.0

(0.0) (28.1) (509.1) (87.4) (0.0)

ALARM
from [3]

(138455.0)

HEP
138587.0 788.8 183914.0 1040.0 7.2
(412.6) (284.8) (5763.4) (1249.2) (4.7)

MDLEP
138858.5 6559.5 251742.6 4204.8 15.2
(376.8) (913.2) (6148.2) (745.9) (4.7)

ASIA
from [3]
(3416.9)

HEP
3399.2 38.3 3455.9 22.6 2.4
(2.3) (1.1) (7.3) (14.4) (1.2)

MDLEP
3398.6 77.2 3598.7 89.8 3.5
(0.0) (2.2) (47.6) (40.6) (0.5)

mutation strategy such that the ∆α will become
smaller as time proceeds. In effect, the search space
is gradually stabilized which may lead to a further
speed up. In future, we will explore this and other
alternatives that are worth investigating.
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